We consider the integrable generalization of the nonlinear Schrödinger equation that arises as a model for nonlinear pulse propagation in monomode optical fibers. The existent conditions for its modulational instability to form the rogue waves is given from its plane-wave solutions. We propose a generalized (n, N -n)-fold Darboux transformation for this system by using the Nth-order Darboux matrix, Taylor expansion, and a limit procedure. As an application, we use the generalized perturbation (1, N -1)-fold Darboux transformation to generate higher-order rogue wave solutions of this system. The dynamics behavior of the first-, second-, and third-order rouge wave solutions are shown graphically. These results may be useful for understanding some physical phenomena in optical fibers.
Introduction
Recently, rogue waves (RWs) have attracted more and more theoretical and experimental attention [] . The RWs were first observed in deep oceans, and later these studies gradually extended to other fields, such as fiber optics, Bose-Einstein condensates, and capillary waves [-] . In fact, RWs are taken as a new type of explicit rational solutions of nonlinear wave equations. The nonlinear Schrödinger equation is one of the most fundamental modes admitting RWs [] . Until now, many nonlinear Schrödinger-type equations have been reported to have rogue wave solutions [-]. In [] , multirogue wave solutions of a Schrödinger equation with higher-order terms employing the generalized DT and some related properties of the nonautonomous rogue waves are investigated analytically. Based on the similarity transformation, several families of nonautonomous wave solutions have been studied for the generalized coupled cubic-quintic nonlinear Schrödinger equation with group-velocity dispersion, fiber gain-or-loss, and nonlinearity coefficient functions, which describes the evolution of a slowly varying wave packet envelope in the inhomogeneous optical fiber [] . The N th-order rogue wave solutions have been obtained for a higher-order variable coefficients nonlinear Schrödinger equation, which plays an important role in the control of the ultrashort optical pulse propagation in nonlinear optical systems [] . Based on the N th-iterated generalized DT formula, the vector bright soliton solution and vector rogue wave solution have been systematically derived for the coherently coupled nonlinear Schrödinger system [] . In [, ] , the authors have presented some soliton, breather, and rogue wave solutions for the ( + )-dimensional derivative nonlinear Schrödinger equation and ( + )-dimensional nonlinear Schrödinger equation via the N th-order generalized Darboux transformation. In the present paper, based on our proposed generalized (n, N -n)-fold DT method by using the Taylor 
where u = u(x, t) is the slowly varying complex envelope of the wave, α and β are real constants, and i is the imaginary number unit (i  = -). Equation () may model nonlinear pulse propagation in monomode optical fibers. In [] , an N -fold DT is constructed for Eq. (), one-and two-soliton solutions are obtained from the trivial solution, and two classes of new explicit solutions are given explicitly from a plane wave solution as the seeding solution. For some relevant research results on Eq. (), we refer the reader to [-] and references therein. However, Eq. () is different from other NLS equation and its generalization forms [, , -, -] owing to the term u xt ; to the best of our knowledge, the modulational instability, generalized (n, N -n)-fold DT, and higher-order rogue wave solutions for Eq. () have not been studied yet. So, in this paper, we make further investigation on Eq. () via our proposed generalized (n, N -n)-fold DT technique [, ] . The rest of the paper is as follows. In Section , the modulational instability of Eq. () is investigated. In Section , based on the DT in [], we give a brief introduction to the N -fold DT of Eq. (). In Section , we construct the generalized (n, N -n)-fold DT of Eq. (). In Section , based on the generalized (, N -)-fold DT, we give some higher-order rogue wave solutions, and the dynamics behavior of those solutions are shown by some figures. Finally, we address the conclusions in Section .
Modulational instability of plane wave states
Before we study higher-order RW solutions of Eq. (), we investigate the modulational instability of Eq. (). We start with its plane wave solution in the form
where c is a real amplitude, and a is a real wave number. Substituting the perturbation solu- We consider the solution to Eq. () with the wave number k and frequency ω in the form
where F and G are real amplitudes. Substituting () into () yields the following dispersion relation for the perturbations, obtained as the condition for the existence of nontrivial solutions for F and G (i.e., FG = ):
When a  c  + a  c  + k  < , the frequency ω becomes complex, and the disturbance grows with time exponentially. In the following, we consider the gain spectrum of modulational instability. The power gain is obtained from () by
where g(k) stands for the gain with a
In what follows, we assume that α = β =  and a = - 
The N-fold DT for Eq. (1)
In this part, we give a brief introduction of the N -fold DT for Eq. (). According to [] , the Lax pair for Eq. () is as follows:
where * represents the complex conjugation, ϕ = (φ, ψ) T (the superscript T denotes the vector transpose) is the vector eigenfunction, λ is the spectral parameter, and μ = √ α( 
whereφ is required to satisfy Eqs. () and () with U and V replaced by U and V , that is,
Hereby, we assume that theN th-order Darboux matrix T is of the form
with the complex functions A (j) and B (j+) (j = , , , . . . , N -) solving the linear system
where 
where
and B (N-) is given by the determinant N by replacing its (N + )th column by the
For the proof of the form invariance for U, V and U, V , we refer to [, , ] and references therein, where the proof process is similar. The aim of this paper is to construct the generalized (n, N -n)-fold DT and higher-order rogue wave solutions in terms of determinants. Hereby, the proof is omitted for simplicity. Transformations For the N -fold DT with N distinct spectral parameters, we can derive a N -soliton solution in terms of the determinant representation. However, for the generalized (n, N -n)-fold DT for Eq. (), the main difference is that we can adjust the number of the spectral parameter: the least may be , and the most may be N . Here, we consider the case with n distinct spectral parameters
Here we still consider the Darboux matrix (), but with n spectral parameters λ i (i = , , . . . , n),  ≤ n ≤ N , and not with N (N > ) distinct spectral parameters, in which the condition T(λ i )ϕ(λ i ) =  leads to the linear algebraic system with only n equations
where is greater than that of equations, so that we have some free functions. 
. .), and
Thus, we have
, and ε is a small parameter.
It follows from Eq. () and
for i = , , . . . , n and k i = , , . . . , m i that we obtain the linear algebraic system with N
in which we have some first systems for every index i, that is, 
Theorem  The spectral problem ()-() is covariant with respect to the transformations
(), and
by solving the linear algebraic system () in terms of the
Cramer rule, where
and
given by the following formulae:
and B (N-) is formed from the determinant 
Notice that when n = N (i.e., m i = ,  ≤ i ≤ N ), Theorem  reduces to the N -fold DT; when n =  and m  = N -, Theorem  reduces to the (, N -)-fold DT. Here, we remark that system () in the generalized (n, N -n)-fold DT is very important; its role is similar to that of Eqs. () of the N -fold DT; both of them can determine the N unknown functions A (j) , B (j+) ( ≤ j ≤ N -), but they are different from each other: Eqs. () have N spectral parameters, whereas system () only has n spectral parameters. Owing to different A (j) , B (j+) ( ≤ j ≤ N -), the former can lead to the N -soliton solutions, whereas the latter may generate higher-order rogue wave solutions. In the following, we will use the generalized perturbation (, N -)-fold Darboux transformation to investigate higherorder rogue wave solutions of the gNLS equation () from the initial plane wave solution.
Higher-order RWs of Eq. (1)
In this section, we give some rogue wave solutions in terms of determinants of Eq. () using the generalized (, N -)-fold DT in Theorem  with n = . Starting from the seed solution
, we can give a basic solution of Lax pair () and () as follows:
with
where ε is a small parameter, and 
T (i = , , ) are listed in the Appendix.
In the following, we discuss the higher-order rogue wave solutions of the four cases with N = , , ,  for Eq. (). It is particularly worth pointing out that we only derive the trivial solution for the case N = , which is omitted here. Based on the generalized perturbation (, )-fold DT, we can obtain the first-order rogue wave solution with three free constant parameters α, β, c of Eq. ():
and the analytical expression of solution () with a = - c  is
By a simple calculation it is easy to find that the RWũ  reaches the amplitude |c| at (x, t) = (, ), the two holes locate on (x, t) = (±
, the width (the distance of its two holes) is
, its minimum value is zero, andũ  → |c| as |x| → ∞. From the previous analysis we see that the parameters α, β, c can change the width and direction of the RW, the parameter c determines the amplitude of RW, so we can control rogue waves by changing parameters α, β, c. Next, we discuss the RWũ  by choosing different parameters α, β, c; the related RW structure figures are displayed in Figure  . From Figure  , and regardless of choosing α, β, c, the solutionũ  always has the maximum amplitude at (x, t) = (, ), the minimum amplitude is always zero, and the maximum amplitude depends on the parameter c, so we can see that the maximum amplitude is  when c =  (see Figure  
Based on the generalized perturbation (, )-fold DT, we can derive the second-order RW solution with four arbitrary constant parameters α, β, c, b  , d  of Eq. ():
the analytical expression of solution () with a = - c  is too complicated and therefore is omitted here. Next, we discuss some special structures of the second-order RW for the following two cases:
• 
where the determinant form of B () is omitted here. The analytical expression ofũ  with a = - c  is very complicated and therefore is omitted here. Next, we discuss some special structures of the third-order RW for the following four cases:
• For solutionũ  with parameters c = α 
, we see that u  →  as x → ∞ and t → ∞, the third-order RW generates a weak interaction, and, at the same time, it is split into six first-order RWs with a regular triangle array structure, and the triangle structure becomes larger as |b  | or |d  | increases.
, we see thatũ  →  as x → ∞ and t → ∞, the third-order RW generate the weak interaction, and, at the same time, the third-order RW is split into six first-order RWs with a regular pentagon array structure, and the pentagon structure becomes larger as |b  | or |d  | increases.
• For solutionũ  with parameters c = α = β =  and
and t → ∞, the third-order RW may be split into six first-order RWs (or one second-order RW and three first-order RWs or two second-order RWs) with a static irregular array structure. 
Conclusions
Equation () can model nonlinear pulse propagation in monomode optical fibers. In this paper, we have constructed the perturbation (n; N -n)-fold DT for Eq. (). As an application, the generalized perturbation (, N -)-fold DT method with the same one spectral parameter allows us to calculate the higher-order RWs in terms of determinants for Eq. () in a unified way without complicated iteration procedure. Specifically, the first-, second-, and third-order RW structures are shown graphically: Figure  shows the first-order RW structures with N = ; Figure  exhibits the second-order RW interaction structures with N = ; Figure  exhibits the third-order RW interaction structures with N = . Solutions and figures obtained in this paper might be helpful for understanding physical phenomena in optical fibers described by Eq. (). We hope that our results are useful for understanding the generation mechanism and finding possible application of RWs. We believe that the method in this paper can be generalized to seek for some other types of nonlinear wave models, and we will carry out a further investigation in the future. 
